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Data-based hydrodynamic coefficients
interpolation for control co-design of wave
energy converters

Demian Garcia-Violini, Yerai Pefia-Sanchez, Ander Zarketa, & Markel Penalba

Abstract—A control co-design (CCD) scheme is an ap-
proach that involves integrating control strategies into the
overall design process, particularly considered in wave en-
ergy systems. When considering geometrical optimisation
in CCD schemes, one of the challenges is the computational
demand associated with recomputing hydrodynamic coeffi-
cients for each design iteration. To overcome this challenge,
an efficient solution based on an advanced data-based
interpolation model is presented in this study. The inter-
polation model utilises an extended base case dataset, in-
cluding hydrodynamic coefficients for a range of expected
variations. By leveraging this dataset, accurate information
on hydrodynamic variations beyond the base case can be
obtained, significantly reducing the computational cost of
a CCD structure. Thus, a CCD scheme, which integrates
a spectral-based energy-maximising control strategy with
an interpolation-based geometric optimisation routine, is
presented in this study. Overall, this paper contributes to
the advancement of CCD strategies in the development of
economically viable wave energy conversion systems.

Index Terms—Wave Energy, Control co-design, Hydrody-
namic coefficients, Interpolation, Extrapolation

I. INTRODUCTION

Ocean waves store an enormous amount of un-
tapped energy. Various developers, members of the
R&D community, have suggested diverse prototypes of
wave energy converters (WECs) based on different en-
ergy absorption principles. Some of these WECs have
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demonstrated their technical viability through the test-
ing of reduced-scale prototypes in wave tanks and the
deployment of near-full-scale prototypes in the open
ocean (see, for example, the M4 device [1]), showcasing
their energy-absorbing capabilities. Additionally, a few
prototypes have proven the reliability of their concepts
by successfully enduring extreme events during open
ocean testing. However, despite these achievements,
none of these prototypes has demonstrated economic
viability, indicating their lack of readiness to compete
against other energy sources in the market.

In order to improve the economic viability of these
devices, two main actions have been identified. On
the one hand, the energy absorption capability of the
devices must be enhanced, for which the design of
advanced energy-maximising control strategies is cru-
cial. On the other hand, cost reduction, both capital
and operational expenditures, i.e. CapEx and OpEx,
respectively, is a key action, meaning that more reli-
able prototypes must be designed from an economic
perspective. In the traditional design process, the most
critical aspects of WECs, i.e. the absorbing mechanism
(floater), the power take-off (PTO) system, and moor-
ing lines, are optimised based on the energy absorp-
tion capabilities and the loading on critical elements,
generally driven by a simplified control strategy, most
commonly based on an unconstrained passive resistive
control represented by a ‘damping’. As a common and
well-established practice in the R & D community, once
the WEC design is determined, an advanced control
strategy is developed to maximise energy absorption
and generation capabilities [2], while the physical in-
tegrity of the system is preserved, through active con-
straint handling mechanisms.

However, by implementing more sophisticated and
aggressive control actions, the behaviour of the WEC
is significantly altered, resulting in a substantial en-
hancement of its motion. Consequently, the originally
designed dimensions of the absorber, power take-off
(PTO) system, and mooring lines may not be suitable
for the behaviour exhibited under a more sophisticated
control strategy. To address this mismatch between the
original WEC design and the observed behaviour re-
sulting from the advanced control solution, the control
strategy is adapted to maximise the energy extraction
within the constraints of the design, although it may
not be optimal [3]. Furthermore, it is possible that
the design characteristics include unnecessary design
redundancies and over-dimensioning, which can have
a negative impact on the final CapEx and OpEx of the
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WEC system.

To mitigate such problems, an alternative design
approach has been introduced in the literature, which
involves incorporating a general control methodology
into the overall design of the WEC, from an early
stage. This approach, commonly referred to in the lit-
erature as control co-design (CCD) [4], aims to address
the integration of control strategies during the design
process. Consequently, considering a CCD paradigm,
the design of the absorber dimensions and shape [4],
as well as the PTO constraints [5], among other as-
pects, can be determined by taking into account the
behaviour of the device under the action of a general
control strategy. To summarise, this design paradigm
describes an approach where optimisation is carried
out in a control-aware manner. By way of example,
in [6] and [7] the interaction between optimal array
layout and control is demonstrated, while the study
in [8] discusses the interaction between control and
optimal WEC geometry. In particular, as discussed
in [4], CCD strategies can play a significant contri-
bution in achieving an optimal structural design for
the absorber geometry, aligning it with the energy-
maximising control scheme. However, analysing and
redesigning geometry variations within a CCD loop
requires a recomputation of hydrodynamic coefficients,
to update the WEC geometry, which implies running
a boundary element method (BEM) software at each
iteration. Thus, even for WECs with relatively simple
geometrical complexity, the computational demand of
the CCD optimisation loop can become prohibitive.
In such cases, the only viable solution may involve
reducing the resolution of the BEM simulation, specif-
ically, through a reduction in geometry discretisation
or the number of frequencies. This adjustment aims
to make the CCD optimisation numerically feasible.
Another potential solution is to compute an extensive
pre-defined database of hydrodynamic coefficients that
covers all potential geometry variations in advance.
Alternatively, a reduced database combined with an
interpolator can be utilised to address the issue. This
approach has been suggested in the literature [9], [10],
although its application within a CCD approach has
not been explored. It is important to note that the
computation of hydrodynamic coefficients represents
a significant barrier to the implementation of general
CCD schemes in the development of WEC technolo-
gies.

Within this context, the present paper suggests an
alternative efficient solution for the computation of
hydrodynamic coefficient in CCD loops, which avoids
the need for using BEM methods in CCD schemes.
Based on an advanced data-based interpolation model
for identifying the hydrodynamic coefficients for any
variation of a base case geometry. To that end, the
interpolation model is provided with hydrodynamic
data for an extended base case, including the co-
efficients for the base case geometry and a limited
range of expected variations. Based on this extended
space, the data-based interpolator provides accurate
information on any variations beyond the original base
case, significantly reducing the computational cost of
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the CCD approach. Furthermore, this study explores al-
ternative methodologies to tackle CCD problems, with
a particular focus on employing a binary search ap-
proach to solve the considered CCD problem. Thus, the
binary approach considered leverages the utilisation
of precomputed interpolating (or alternatively fitting
functions) obtained from a database. Additionally, a
case study is presented, showcasing the practical ap-
plication of the methodology across the entire problem
domain.

The remainder of this paper is organised as follows.
The basics of WEC modelling are recalled in Section II.
The spectral control approach considered in the CCD
scheme, to maximise energy absorption while preserv-
ing a set of physical constraints, is presented in Section
III. The considered interpolation-based order reduction
technique for computing hydrodynamic coefficients,
to reduce the computational complexity while accu-
rately capturing the system dynamics, is introduced in
Section IV. In Section V, the reduced-order structural
optimisation CCD approach is presented, highlighting
the considerations for achieving an optimal absorber
geometry aligned with the energy-maximising control
scheme. A case study is presented in Section VI, where
the proposed approach is applied to a generic, full-
scale, realistic WEC system. Finally, Section VII con-
cludes the paper, summarising the key findings, and
discussing the implications of the presented approach.

II. WECS: MODELLING FRAMEWORK

The dynamic model of a WEC system, which cap-
tures the interaction between acting hydrodynamic
forces and motion of a floating body, is described
by the well-established Cummins’ equation, a widely
adopted theoretical framework [11]. By applying this
formulation, which is essentially based on Newton's
second law, the dynamic behaviour of a general WEC
system can be characterised. In this study, a single
degree-of-freedom (DoF) WEC is considered, without
loss of generality. The model of a WEC can be defined
as follows:

(M +A1)x() =fex(t) F() fu() Fu(®): (1)

In Eq. (1), M denotes the mass of the body, while X,
X (v), and x (a) represent the position, velocity, and
acceleration of the WEC device, respectively. The radia-
tion force, denoted as f;(t), is given by the convolution
integral k;(t) v(t), where k. (t) represents the impulse
response of the radiation force. The restoring force,
caused by buoyancy, is expressed as T,(t) = spx(t),
where s;, represents the hydrostatic stiffness. The con-
trol force, generated by the action of a power take-
off (PTO) system, is denoted as T, (t), while Tex(t)
corresponds to the excitation force. In Eq. (1), A4 refers
to the added mass at infinite frequency, defined as
Aq = limy s +1 A(!), where A;(!) and B.(!) repre-
sent the radiation added-mass and damping, respec-
tively. Both Ar(!) and By(!), in the spectral domain,
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are determined using Ogilvie’s relations [12], given by:

A(M=A1 1 RO+1 k.(t) sin(1 t)dt;

R +1 (2)
B.(1)= o " ke(t)cos(1t)dt:

Using Eq. (2), the radiation convolution kernel can be
described as follows:

He(1) = B:(1) + [T [A(Y)  Aal; )

where k;(t) and H,(!) are a Fourier transform pair. Us-
ing Eq.(3), Eq.(1) can be expressed in the frequency do-
main, considering a force-to-velocity description [13],
as:

1

V(1) = 5y Fex(®)

Fu(D]; 4)
with

Sh

Zi(1) =B,(1) + 1 :

M + A1)

(5)

N

the mechanical impedance of the system.

Thus, using Eq. (5), the standard force-to-velocity,
which represents a key driver for control design pur-
poses, can be represented in terms of a transfer function
[14], given by:

! :

(1M +Aq) + (IDH() + s, Zi(!)@
In particular, in Eq. (6), H,(1) is typically computed us-
ing boundary-element methods such as NEMOH [15].
Additionally, for general purposes, such as control, an
LTI-based approximating representation A,(s)  H,(1)
for s = |1, where F,(s) is a stable linear time-invariant
(LTI) system, is generally considered in the literature
[14], which can be obtained using advanced system
identification software, such as FOAMM [16].

Finally, under the wave excitation force fe(t) is
modelled in the spectral domain, simultaneously with
the procedure performed for, for example, A.(1) and
B:(!), using BEM-based tools. Thus, a mapping from
the wave-heigh elevation, (t), to the excitation force,
fox (), is defined as Hey(1).

G(Y) =

III. SPECTRAL CONTROL APPROACH

As mentioned in the introduction, Section I, a CCD
scheme, for geometrical structure design aligned, from
an optimal perspective, with a specific control strat-
egy, is presented in this study [17]. To this aim,
this section outlines the foundations of spectral-based
control strategies. From a general perspective, spec-
tral controllers are optimisation-based control schemes,
which compute an optimal control input by solving
an optimisation problem and can, therefore, deal with
physical constraints obtaining (theoretically) optimal
solutions [18]. Thus, a spectral-based controller can
ensure optimal power capture, while, at the same
time, the performance of the controller under real-
istic motion and PTO force ranges, i.e. position and
control force constraints, is studied. To this aim, in
Sections III-A and III-B the general control objective in
WECs and the foundations of spectral controllers are
recalled, respectively.
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A. Control Objective

The control objective in a general WEC control prob-
lem is to maximise the total absorbed energy. For a
WEC system, which is subject to an external excitation
force fox(t) and is controlled via the PTO force f,(t),
the total absorbed energy, over the interval [0 T], is
computed as:

Z 5 Z ¢
E= P (t)dt = vi)f,.(t)dt; (7)
0 0
where P (t) is the instantaneous power, and f,(t) and
v(t) are the control force and device velocity, respec-
tively, both introduced in Eq (1). Thus, the general
control problem is defined as,
Z
v(t) 1, (t)dt

max
. () 8 0

< x=F(x;fy; Te) ®)
subject to  _ v =G(x)

- C

where F(Xx; fy; fex) denotes the state-space representa-
tion of the system in Eq. (1), G(x) the output mapping
x A v, and C a general set of constraints (such as
displacement constraints Xmin  X(t)  Xmax, or PTO
force constraints fmin  Tu(t) Tmax, etc.), specifically
defined for each WEC control problem.

B. (Pseudo-)spectral Approximation

In this study, a control methodology based on
(pseudo-)spectral techniques is considered for the con-
trol problem described in Eq. (8). To be precise,
(pseudo)-spectral control refers to a control approach
that utilises (pseudo)-spectral methods for control sys-
tems analysis and design [17]. (Pseudo)-spectral meth-
ods are numerical techniques that involve the approx-
imation of functions using a set of specific basis func-
tions, such as Fourier, Legendre or Chebyshev polyno-
mials. Specifically, in the context of control, (pseudo)-
spectral control aims to represent the dynamics of a
system using these basis functions and leverage their
properties for control design. Considering (pseudo)-
spectral methods, the representation of system dy-
namics with high accuracy can be achieved, enabling
precise analysis and design of control strategies. In
particular, (pseudo)-spectral control has been widely
applied to WEC systems as in, for example, [17] or [19].
With the aim of applying (pseudo)-spectral control in
the presented study, the optimal control formulation
in Eq. (8) is discretised in the spectral domain, by
projecting X and f, onto a vector space of dimension
Nsp, using a linear combination of orthogonal basis
functions denoted as = .:\ljf . For instance, the
Fourier basis functions can be utilised. Consequently,
the states and control force are approximated in the
following manner:

xi) XM= 1O
f. foro= 1o

where coefficient vectors are defined as R =
[Xii  Xing ]!, and fu = [fur;  fung,]!, both 2 RNse,

©)
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Within this (pseudo-)spectral framework, the equation
of motion can be approximated as [17]:

0=G,(f.x fo); (10)

where ¢ = [v1 Vv VNSp]I denotes the coefficient
vector for approximating the system velocity v(t) and
G, represents the force-to-velocity system model. Ad-
ditionally, in Eq. (10), fox = [fext;  fexng,]! 2 RN,
where the set ffexig:\ljf contains the coefficients of the
excitation force approximation.

The primary objective of the optimal control prob-
lem is to determine the PTO control force f,(t) that
maximises the objective function presented in Eq. (7),
while satisfying the equation of motion. Due to the
mathematical properties of the basis functions j [20],
the objective function in Eq. (7) can be approximated
as follows:

Z g T
E Jn= fl 1o o= Eﬁ“,}o; (11)
0
which converts the integral relationship in Eq. (7) into
an algebraic mapping. Then, using Egs. (10) and (11),
the objective function can be rewritten as:
= MG f) (12)

1) Optimal solution:: Using (pseudo-)spectral meth-
ods, the control problem for WEC systems can now be
described as follows:

2 max In
f.2RN (13)
subject to: C;

which is a standard quadratic optimisation problem
over f,, and C represents a set of constraints arising
from the physical limitations of the WEC system. In
this study, specifically for the application case in Sec-
tion VI, the maximum device displacement (Xmax) can
be considered for the definition of C, as well as the
maximum PTO force (Fpax) or the maximum velocity
(Vmax)- In general, the optimisation problem in Eq. (13),
can be approached by forcing the constraints only at
specific points in time (T = [ti; tp; :::tn.]), which
are labelled as collocation points. Then, considering
Xmax and Fpax, being the most commonly considered
constraints, the set C, in Eq. (8), can be rewritten as a
set of linear inequality constraints, as follows

— A bu .
C:= an fl by (14)
where
(Te) (Tc)Go
Au (Tc) y AX (TC)GO ’ (15)
Fmaxﬁ . >(maxﬁ (TC)?eX .

bu - IZI’I’[&Xf , bx -

with § 2 R?Ne 1 a column vector of ones. The problem
stated in Eq. (13) can be solved with standard numer-
ical toolboxes. Taking advantage of defined colocation
points, general and standard multipurpose optimisa-
tion solvers (specifically QP-problem solvers) can be
used to address the problem stated in Eq. (13), with

Xmax® + (To)fex
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the constraint definition in Eqgs. (14) and (15).

IV. HYDRODYNAMIC COEFFICIENTS INTERPOLATION

This study proposes a parametric interpolation
method for the design of the energy captor in WEC
systems, specifically focusing on its geometrical and
structural aspects. The approach utilises a pre-existing
database of hydrodynamic coefficients that encom-
passes all possible variations in geometry. The database
is generated using dedicated BEM tools, such as
WAMIT [21], AQWA [22], or the open-source numeri-
cal solver NEMOH [15]. From a broad viewpoint, the
computation of hydrodynamic coefficients is a time-
consuming and computationally intensive task. This
challenge becomes even more pronounced when com-
puting hydrodynamic coefficients inside a CCD loop,
particularly when combined with optimisation-based
controllers, such as the spectral-based framework pre-
sented in Section III. While optimisation-based con-
trollers offer the appealing advantage of providing op-
timal control solutions (in theory), their primary weak-
ness lies in the significant computational burden they
demand. This characteristic magnifies the challenge
at hand and highlights the trade-off between optimal
control and computational complexity. However, the
attainment of optimal control solutions enables a com-
prehensive assessment of performance, particularly in
terms of energy absorption, even in constrained and
realistic scenarios. In contrast, impedance-matching-
based control solutions, i.e. non-optimisation-based, by
definition, are unable to address constraints, limiting
their effectiveness in such scenarios. Hence, reducing
the computational requirements involved in tasks such
as computing hydrodynamic coefficients renders CCD
with optimisation-based controllers more viable and
appealing.

A. Database Generation and Interpolation

Based on Egs. (5) and (6), the hydrodynamic coeffi-
cients Ar(1), Br(1), M, and sp play a crucial role in
computing the force-to-velocity mapping, required for
solving the control problem described in Eq. (8). Addi-
tionally, the mapping between wave height-elevation
and excitation force, Hex(1), is also required for the
assessment of an energy-maximising controller.

The methodology presented here acknowledges that
a certain degree of error between a hydrodynamic
coefficient value, obtained through interpolation, and
the actual value, from the BEM computational tool, is
acceptable. However, it should be emphasised that cap-
turing infinitesimal variation of the hydrodynamic co-
efficient across the entire range of considered variations
requires an infinite number of iterations with the BEM
tool, which can be in a large number of applications
prohibitive. Fig. 1 illustrates the underlying general
concept of the proposed methodology. A schematic
representation of a generic hydrodynamic parameter
P, as a function of a specific geometrical parameter |,
is shown in Fig. 1. The solid line in Fig. 1 represents
the variations of P within a given interval of variations
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‘\ P wmmm Hydrodynamic Parameter === Interpolation

Fig. 1. Schematic illustration of the proposed binary search method
for a unidimensional case.

defined by 1 and 2. On the other hand, the dashed-
dotted line represents two alternative linear interpola-
tions: one connecting the interval extremes and another
employing a two-segment linear interpolation with an
intermediate point ;. It is worth noting that BEM-
based tools represent hydrodynamic parameters in the
spectral domain using a discrete set of frequencies.
By way of example, considering the case described in
Fig. 1, the parameter can describe any geometrical
measure, such as radius, length, draft, etc. Therefore,
the frequency domain of hydrodynamic parameters
can be expressed as:

= !1; !N! . (16)

Considering a general parameter 2 RN that de-
scribes a set of geometrical measures, the key hydro-
dynamic parameters in the force-to-velocity mapping,
as defined in Egs. (5) and (6) for transfer function and
impedance representations, respectively, include:

A5 ) Be(15 ) M(); sa( ) Hex(Y5 )]
(17)
which represent the added mass, radiation damping,
mass, stiffness, and wave height elevation-to-excitation
force mapping, respectively. Thus, Eq. (17), describe the
key hydrodynamic parameters as functions of the fre-
quency ! 2 and the geometrical variation parameter
. For a specific frequency 17 2 , the hydrodynamic
parameters can be expressed as functions solely depen-
dent on the parameter , as follows:

A7) B.(Y% ) M) sn( )

Hex (175 )]

(18)
Considering a single DoF WEC for the sake of sim-
plificity, as defined in Section II, but without loss of
generality, each parametrised hydrodynamic coefficient
by the parameter , defines N dimensional mapping

Ch:RN A R; (19)

where h can be replaced by A;, B, M, s, and H,,
depending on the case. Thus, each hydrodynamic co-
efficient represents a multidimensional real function
describing a hyper-surface. To define the dataset used
as database, in this study, the parameter vector is
discretised to define a grid in a hypercube, as follows:

P= 4 1@ N (20)

Thus, each hydrodynamic parameter is computed
using a BEM-based tool for each ;, with i =
1;2;:::; N, to compute the predefined database.

With the precomputed database, an intermediate
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value between two consecutive points on the grid P,
namely ; and j+1, can be determined using various
interpolation methods, such as linear or spline interpo-
lation. Alternatively, a parametric hyper-surface can be
fitted to minimise the least-mean-square (LMS) error,
representing a common curve-fitting problem. Thus, a
WEC system, described, for example, using its transfer
function representation can be approximated as:

T(LH B T( LT (21)

where, considering a generic * 2 P, G(|!; ?) denotes
the actual WEC system representation, computed using
BEM-based tools, while G(]!; ?) is obtained using the
interpolating or fitted functions.

An immediate consequence of Eq. (21) is the possibil-
ity of achieving a small approximation error, denoted
as g, by appropriately defining a sufficiently large set
P, ie.

kGt ") Gt k= 6 (22)
This error represents the discrepancy between the
true system response G(|!; ?) and its approximation
G(]1; 7). By selecting a comprehensive set of param-
eter values in P, the accuracy of the approximation
can be controlled and improved, ensuring that the
error remains within acceptable limits. In addition, and
by way of example, it is worth highlighting that in
cases where the variation of hydrodynamic parameters
exhibits a certain level of linearity, a single linear
interpolating hyper-plane can be effectively employed,
guaranteeing a negligible level of error, i.e small .
This characteristic of the approach enhances its appeal,
as it allows for simplified and efficient approximation
techniques while maintaining a satisfactory level of
accuracy. In the illustrative example depicted in Fig. 1,
it can be observed that using three elements in the grid
yields a satisfactory level of approximation. However,
it is important to note that reducing the number of
parameter points to only two can result in a notable
approximation error at j. This highlights the impor-
tance of carefully selecting the number of parameters
and grid elements to ensure an accurate interpolation
in the desired range.

V. STRUCTURAL OPTIMISATION FOR CONTROL
CO-DESIGN APPROACH

A. CCD Problem Statement

In the context of CCD schemes, with a specific focus
on geometrical optimisation, the optimisation problem
can be formulated as follows:

opt Optimise
2RN
subject to:  max  JIn( ) (23)
f.2RN

C

where the optimisation (minimisation or maximisation)
is performed depending on the particular objective
function considered, solely over the variable . Thus,

can be defined depending on the specifications of the
application. In particular, can be designed to provide
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an assessment of energy absorption per unit of mass,
which can be expressed as follows:

_ _EQ)

w(M())
where function w( ), with w : RN @ R, a weighting
function, that allows for the consideration of various
factors, such as the price of materials, manufacturing
costs, or other relevant considerations. By incorporat-
ing the weighting function, the optimisation objective
can be balanced to account for different aspects and
priorities in the design process. Alternatively,  can
be defined similarly to the approach presented in [5],
which assesses the interplay between the total cost
(CapEx+OpEx) and energy absorption. Within this con-
text, the expression for is as follows:

_ CapEx(') + OpEx( ).
EC) '

In this formulation, by considering the total cost in
the numerator and the energy absorption in the de-
nominator, the objective function captures the trade-
off between the economic factors and the energy per-
formance of the WEC. However, in order to use this
objective function, both the CapEx and OpEx need
to be parameterised as functions of , as performed,
considering PTO constraints, in [5]. Thus, this parame-
terisation allows for the assessment of different design
configurations in terms of their cost-effectiveness and
energy absorption potential.

(24)

(25)

B. Problem Solution

The problem stated in Eq. (23) can be approached
in a number of different ways. As discussed in [23],
different methods for solving CCD problems can be
found in the literature, where three primary methods,
defines as lines (L), can be identified: (L1) control-
inspired paradigms, (L2) co-optimisation techniques,
and (L3) co-simulation methods. The control-inspired
paradigms (L1) approach utilises engineering under-
standing of dynamics and control principles. It em-
ploys low-fidelity models (control-oriented models)
and control engineering tools to propose new mech-
anisms, networks, and control solutions based on the
system control properties. The co-optimisation tech-
niques (L2) employ formal mathematical methodolo-
gies with nonlinear models and optimisation theory.
Initially focused on fixed-structure controllers and
plants, it later expanded to allow changes in these
structures during the optimisation process. It involves
multi-objective constrained optimisation and considers
the cost function of the plant architecture, dynamics,
and controller design. Finally, the co-simulation-based
methods (L3), which use high/mixed-fidelity dynamic
models in an iterative simulation process, can also in-
corporate optimisation algorithms, data-based models,
and machine learning techniques.

In particular, co-simulation methods offer advan-
tages in CCD problems compared to lines L1 and L2
[23]. In particular, the complexity of CCD problems
can rapidly escalate, leading to an exponential increase
in the number of design possibilities. This exponential
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growth can make analytical treatments impractical and
computationally prohibitive for finding optimal solu-
tions. In contrast, the key advantages of co-simulation
include the ability to integrate multiscale and multi-
physics models, perform iterative simulations for de-
sign refinement, incorporate optimisation algorithms
and data-driven/machine learning techniques, and
provide a flexible and modular design approach. These
features enable a comprehensive analysis of system
dynamics, efficient exploration of design options, and
reduced design cycle time, making co-simulation an
effective methodology for finding optimal solutions
in CCD problems. The interested reader is referred
to [23] for a detailed discussion about CCD solution
methodologies.

In order to address the problem described in Sub-
section V-A, in Eq. (23), this study proposes a method-
ological solution based on a co-simulation approach
combined with a binary search algorithm. This ap-
proach aims to leverage the advantages offered by the
interpolation methodology discussed earlier, allowing
for efficient exploration of the solution space. A sim-
ilar methodology, exclusively based on an exhaustive
search procedure, is considered for the study presented
in [5].

1) Binary Search Method: The binary search algorithm
for N-dimensional problems using binary space parti-
tioning (BSP) is a recursive technique that efficiently
explores the search space. The algorithm can be sum-
marised as follows:

1: Define the search space. The dimension of the

search space, N, is given by dimension of by
2 RN, while the search criterion, or objective
function, is defined as :RN I R.

2: Choose a splitting criterion. Determine a splitting
criterion based on the problem features. One ap-
proach could involve dividing each dimension in
half at each iteration, effectively exploring the so-
lution space by systematically reducing the search
domain.

3: Split the search space. Divide the N-dimensional
space P into two sub-regions P1 and P; using the
chosen splitting criterion.

4: Evaluate the sub-regions. Evaluate the search cri-
terion or objective function  for each sub-region
P]_ and Pz.

5: Choose the sub-region to explore. Select the
sub-region candidate, which means being more
favourable (‘promising’), based on the evaluation
in step 4 (P1 or P»). This sub-region becomes the
new search space. By focusing the search on the
more favourable areas of the solution space, the
algorithm aims to converge towards an optimal
solution more effectively.

6: Repeat steps 3-5. Repeat steps 3 to 5 for the
selected sub-region until a termination condition
is met.

7: Return the solution. Once the termination condi-
tion is met, return the solution found in the final
sub-region.

The considered algorithm is an extension of the
binary search concept to N-dimensional problems, al-
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Fig. 2. Schematic of the considered buoy with the most relevant
dimensions, required for the presented CCD analysis.

lowing for efficient exploration of the search space [24].
It has been successfully applied in various engineer-
ing domains, such as optimisation and computational
geometry [25], [26]. This approach facilitates the direct
integration and utilisation of the interpolating or fitting
hyper-surfaces discussed in Section IV. Finally, BSP
exhibits a time complexity O (logN)!. This efficiency
arises from the ability to divide the search space in
half at each iteration, effectively reducing the search
domain by half with each step. As a result, binary
search can efficiently locate the desired element or
region within a sorted or partitioned space, making it
an effective algorithm for searching and optimization
problems.

VI. CASE STUDY

This section presents an illustrative example, which
covers the methodology discussed throughout Sec-
tions V and IV. The illustrative example considers a
point-absorber type WEC system, where the geometry
of the system is defined by varying two structural
measures. The WEC system is schematically presented
in Fig. 2, indicating the two variable quantities, ry and
rh, where r¢ 2 [0; 10] and r, 2 [0; 8]. As shown in
Fig. 2, the considered system spans a range from a
pure cone, when ry = rp = 0, to a pure cylinder, when
both ry or r, are fully deployed. With this structural
definition. The pre-computed database is generated in
this study considering;:

re2 0; 25, 5, 75; 10

r2 0, 2, 4, 6, 8
Consequently, a grid compromised with 25 systems is
precomputed. Based on the grid definition in Eq. (26),
each hydrodynamic coefficient, indicated in Eq. (17) for
computing the force-to-velocity mapping in Eq. (5), is
computed using NEMOH [15]. By way of example, the
structural grid and pressure field used for NEMOH,
considering one particular semi-cylinder-conic geom-
etry case, is shown in Fig. 3. Particularly, Fig. 4 il-
lustrates the resulting mass for each system in the
grid, represented using solid dots. Inn particular, Fig. 4
clearly indicates that the configuration with the larger
mass corresponds to the cylindrical case (ry = 10 m
and r, = 8 m), while the configuration with the smaller
mass is associated with the conical structure (ry =0 m
and rp = 0 m). Similarly, in Fig. 5 the resulting force-
to-velocity mapping, as defined in Eq. (6), is shown in

(26)

1Gee, for example, [24], Chapter 2, particularly Section 2.3: “Divide-
and-Conquer”.
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Fig. 3. Structural mesh and pressure considered in NEMOH for
subsequent interpolation: Semi-cylinder-conic geometry, specifically
intermediate cylinder-cone configuration.

iy, [m] 8 0 r [m]

Fig. 4. Resulting mass for each system in the grid, represented using
solid dots.

Figures (5)(a), (b), and (c), using the top and the bottom
rows for the magnitude and phase, respectively. For
each system in the precomputed grid, Fig. 5(a) shows
the specific case where r, = 0 m, with a colour scale
ranging from lighter to deeper blue, which represents
the variation from ry = 0 m to ry = 10 m. Similarly, in
Fig. 5(b), the specific case where ry = 0 m is depicted,
with a colour scale ranging from lighter to deeper
orange, representing the variation from r, = 0 m to
r, = 8 m. Finally, in Fig. 5(c) all the cases indicated
in Eq. (26) are shown using solid-grey lines. It must
be noted that, as a consequence of using NEMOH,
some irregularities are obtained for specific frequen-
cies. This phenomenon has been widely discussed
in the literature. Consequently, diverse methods have
been presented to mitigate this effect, and ‘smooth’ the
obtained description for each hydrodynamic parameter
[27]. In this study, the irregular responses have been
smoothed, to obtain regular and realistic descriptions
of the hydrodynamic coefficients.

For the CCD optimisation problem, waves based on
a JONSWAP spectrum [28], with a significant wave
height Hs = 3 m, peak period T, = 12 s, and
steepness factor = 3:3, are considered. In addition,
considered waves are synthesised using filtered white
noise [29]. To produce statistically consistent results, 10
realisations of the considered sea-state are used. Each
simulation is performed over 200 s, which represents 20
times the peak period of the considered sea-state. The
optimisation problem, for computation of the optimal
control force, expressed in Eq. (13), is solved via an
interior-point method, using the Optimisation Toolbox
in Matlab R2022a. Ultimately, in the control problem,
stated in Eq. (13), position constraints Xmax = Hs = 3
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Fig. 5. Resulting force-to-velocity mapping, as defined in Eq. (6). The specific cases r = 0 m and 7, = 0 m, are shown in (a) and (b),

respectively. In (c) all the cases in Eq. (26) are illustrated.

m, are considered to consider a realistic operation
scenario, preserving the physical integrity of the WEC
system.

The spectral-based control strategy is applied to each
system in the grid, and the average absorbed energy
for each system is shown in Fig. 6. It is worth noting

Average Energy [J]

4

rim)
Fig. 6. Average absorbed energy for each system in the grid.

that, from the results shown in Fig. 6, the conical case,
characterised by the smallest mass, achieves the highest
absorbed energy value.

A. CCD Scheme Application.

The CCD methodology for geometrical optimisation
is applied in two distinct scenarios, employing the
objective function defined as in Eq. (24). The first sce-
nario assumes a flat weighting function w( ), meaning
no mass scaling is applied. In the second scenario, a
non-flat weighting function w( ) is used, exploring the
performance of the algorithm in a different context.
It is important to note that the presented weighting
function does not possess a specific physical interpre-
tation. Rather, it serves the purpose of showcasing the
performance of the CCD methodology in an alternative
scenario. Under this framework, the two scenarios are
defined by:

Ws1(re; rn) = 1;

27
Ws2(re; ) = %(rt 2)2 + %(rh 2)2) +1; (27)

As mentioned before, in Scenario 1 (denoted as S1),
a flat weighting function of 1 is employed. On the
other hand, in Scenario 2 (denoted as S2), the weight-
ing function Wsy(r¢;rn) is utilised, incorporating a
quadratic term, in order to achieve an unbalanced mass

distribution. It is important to recall that these weight-
ing functions are specifically designed for the purpose
of defining the scenarios and do not necessarily have
a direct physical interpretation.

The methodology is applied in S1 and S2. In Fig 7
each sub-region of the complete variation set P is
shown, in accordance with the algorithm described in
Section V-B1, where each successive sub-region, Pj, is
indicated using deeper to lighter blue coloured boxes.

Scenario 1 Scenario 2

T, [m] r, (m]

Fig. 7. Each sub-region of the complete variation set P is shown.
Each successive sub-region, P;, is indicated using deeper to lighter
blue coloured boxes.

In Fig. 7 the results for S1 and S2 are depicted
on the left- and right-hand side panels, respectively.
The as indicated in the algorithm in Section V-B1, a
termination condition ¢ is defined for the results in
Fig. 7 as follows:

P__
c= Iy <01, (28)

where Ip and I; represent the length of each side,
corresponding to rn and ry axes, respectively, of each
rectangle in Fig. 7. Thus, the solution is found for S1
and S2 at:

0 rn 0:12500

(29)
0 r¢ 0:15625;
and
0:87500 rp  1:00000
1:09380 r¢ 1:25000; (30)

for S1 and S2, respectively. In Fig. 7 the optimal value
found is indicated with a star symbol. On the one hand,
it can be easily concluded that the maximum value for
S1 is located on the corner that defines the conical case,
ie.

1:283= ¢ (0;0): (31)
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Scenarjo 1 Scenario 2

Fig. 8. CCD results considering a grid with 121 elements. The
problem for this grid is computed using an exhaustive search
methodology.

On the other hand, the optimal solution for S2 is
found within the considered range of variation. With
the estimated limits for the optimal value defined in
Eq. (30), the optimal value can be approximated by
taking the average of the values on the limits (corners),
as well as the average of the objective function on the
corners, of the last computed rectangle:

0:783= %' (0:9397; 1:1719): (32)

For the sake of validation, considering a finer mesh,
specifically designed for validating the presented ap-
proach, is designed considering 11 points, instead of
5 as considered for the original grid, for ry and rp,
which gives to 121 elements in the grid. The results are
obtained by evaluating the absorbed energy for each
element in the grid and computing the value of the
objective function, as defined in Eq.(24), for both S1 and
S2. The results of this exhaustive search procedure are
depicted in Fig. 8, with the results for S1 and S2 shown
in the left- and right-hand side panels, respectively.

It is noteworthy that the results obtained using the
finer mesh are approximately equivalent to those ob-
tained using the binary search methodology. For S1,
the optimal solution is found at (rn;; re) = (0;;0), with
an optimal value of 1.283. Similarly, for S2, the optimal
solution is located at (rn;; ry) = (0:888;; 1:111), yielding
an optimal value of 0.806. Thus, the results obtained
with the exhaustive search methodology are approx-
imately equivalent to those obtained with the binary
search method. However, it should be noted that the
number of points evaluated using the binary search
method is significantly lower, with only 28 evaluations
(7 rectangles, each with 4 vertices), compared to the
full grid evaluation method which requires 121 system
evaluations. Similar to the results shown in Fig. 8§,
the CCD results illustrated in Fig. 7 are visualised
using a surface plot in Fig. 9. The non-regular mesh,
resulting from the grid definition based on each sub-
region Pj, is clearly visible, showcasing its effect on
the optimization process. It must be mentioned that,
in general, the binary search method, like other op-
timisation methods, is not immune to the possibility
of encountering local maxima or minima. This means
that in certain cases, the method may converge to
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Fig. 9. The plot highlights the effectiveness of utilizing a binary
search method with interpolation based on a precomputed dataset, as
it yields comparable outcomes to those obtained through an exhaus-
tive search-based approach. Specifically, the refined grid resulting
from the application of the binary search method can be observed
for scenarios 1 and 2
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Fig. 10. Control results for one particular case (cylindrical case). The
capability of the controller, to strictly adhere to the specified physical
constraints, is shown.

suboptimal solutions instead of the global optimum.
However, it is important to note that this weakness
does not only belong to the binary search method.
Even standard optimization methods based on, for
example, gradient search, or similar techniques, can
also suffer from the same limitation. The presence of
local extrema is a common challenge in optimisation
problems, and various strategies are employed, such
as incorporating randomization or exploring multiple
starting points, to mitigate the risk of obtaining lo-
cal (sub) optima. Therefore, while the binary search
method may exhibit this weakness, it is a characteristic
shared by many optimisation approaches, in general. In
particular, Fig. 7 highlights the effectiveness of utilising
a binary search method with interpolation based on a
precomputed dataset, as it yields comparable outcomes
to those obtained through an exhaustive search-based
approach. Specifically, the refined grid resulting from
the application of the binary search method can be
observed for scenario 1 and 2, in Fig. 7.

Finally, by way of example, the control results for
one particular case (cylindrical case), are shown in Fig.
10, where the motion of the device (bottom), i.e. X(t)
and v(t), along with both f, and fe (top), for a given
sea-state realisation, confirming the capability of the
controller in strictly adhering to the specified physical
constraints.



